In this work we solved the saturable nonlinear Schrödinger equation, in two dimensions, using the higher-order moment Lattice-Boltzmann (LB) technique, and working with the d2q9 velocity scheme. The approach is based on the introduction of the suitable nonlinear terms using the source terms in the LB's equations. Also, we adopt the He's semi-inverse approach in order to find solitary wave solutions. We get coherent structures.
Introduction
The nonlinear Schrödinger equation (NSEq) is very important in the desciption of nonlinear phenomena in many research areas in Physics [1] - [2] . For instance, Bose-Einstein condensates, nonlinear optics, plasma physics, quantum mechanics, superconductivity, [3] - [6] . At the same time, much theoretical effort has been done in the field of nonlinear partial differential equations, over the last twenty years. Among these striking novel methods, we can find the tanh-function method [7] , and extensions of it, such as the complex tanhfunction, [8] , extended tanh-function, [9] . Also variational methods, among them, He's semi-inverse [10] - [11] , are very insightful in order to find solutions to NSEq. Also, lattice-Boltzmann has emerged as a powerfull technique, flexible to apply to magnetohydrodynamics [12] , till particle suspensions [13] . This article addresses the solution of the time-dependent Schrödinger equation in two dimensions using the Lattice-Boltzmann technique, with BGK approximation, and He's semi-inverse method. This work is organized as follows. Section 2, presents the Lattice-Boltzmann equation applied to NSEq. In section 3, we get the moments of the distribution functions. In section 4, we deduce the time-dependent NSEq. In section 5, we use He's semi-inverse method in order to solve the NSEq. In section 6 we present results and conclude.
The lattice Boltzmann model
The lattice Boltzmann equation is given by:
The term Ω j,l ( x, t)) represents the B.G.K. approximation, [14] , which is:
Where f j,l ( x, t) is the distribution function for particles with velocity v j,l at position x and time t, and ∆t is the time step. f eq j,l ( x, t) is the equilibrium statistical distribution and τ is a nondimensional relaxation time, [14] . Using a unit time given by = δt/e, where e is the velocity discretized on a mesh, then the lattice-Boltzmann equation is:
Expanding in a Taylor series, the distribution functions, up to order third, are:
Doing a perturbative expansion of the derivatives in time in powers of , we get:
And assuming:
Where the temporal scales are defined as:
And the perturbative expansion in parameter of the temporal derivative operator
The extra term ω j,l is a source term in LB equation, chosen at second order in 2 to be at the same temporal scale of the diffusive processes. Therefore:
Replacing eqs. (5) and (8) in eq. (4), we get at first , respectively, the next set of equations:
At second order in
3 The moments of the distributions
The moments of the distribution are:
Where φ f l correspond to the microscopic fields of the physical system and δ ij is Kronecker's delta.
The construction of the nonlinear Schrödinger equation
One of the purpose of LB method is to produce the GLEqs using the perturbative expansion of LBEq eqs. (11) (12) in conjuntion with the suitable definition of the moment distribution functions eqs. (13) (14) (15) . Then, here we have the development. Summing on j in eq. (11), we obtain:
Using the fact that we are considering an irrotational fluid. And taking into account that:
Therefore eq. (16) is:
And summing on j in eq. (11) and multiplying by
And using the relations (13-15) and (18), we have:
Using eq. (15), then:
Therefore in eq. (20)
Summing eqs. (18) and (22), we obtain:
And using eq. (8), we obtain:
If we define:
Also, if we define (φ f 1 ) → (Ψ r,c ), where the subscripts mean the real and imaginary components. Then, equations (24) become:
Defining the real and complex sources terms mS r,c as:
Where we define Ψ = Ψ r + iΨ c . Then, putting it all together in eqs. (27-29), it can be shown that:
If D = i −1 δ and m = γ, eqs. (31), become the time dependent saturable nonlinear Schrödinger equation, [4] :
(31) Figure 1 : The lattice velocities of the D2Q9 scheme.
5 The equilibrium function in the d2q9 velocity scheme.
We use the d2q9 scheme shown in fig. (1) . For the directions v i,j and weights w i on each cell it is assumed the next values:
if i = 0 
Both, directions v i,j and weights w i , follow the next tensorial relations:
The equilibrium distribution functions f (eq) i,l , for the real and complex components, are defined like:
Where u is the macroscopic velocity. We determine the constants A l , B l y D l in the following way.
Using the tensorial relations eqs. (33)
And using eq. (14)
And using eq. (13)
Finally, using eq. (12)
Then D l is:
Then, the equilibrium distribution functions are:
He's semi-inverse method, Solitary wave solution According to He's method [10] , it is constructed a trial functional:
We choose the functional, that satisfy eqs. (31), as:
Changing to polar coordinates
And the derivatives are:
Then, eq. (43) is:
)ξdξdθ(46) Using He's method, it is possible to obtain traveling wave solutions given by φ(ξ) = sech or φ(ξ) = tanh functions, and so on. In our case, we have, φ, to be determined and we select:
Then, doing some algebra, the entire action is:
In order to make J stationary, we calculate:
We found two family solutions: Figure 3 : The contour structure of |φ| 2 .
Conclusions
Figures (2-3) present the results of the lattice-Boltzmann tecnique using the initial wave function, eq. (47), the one founded by He's semi-inverse method. This paper presents a new method of solution for the NSEq in two dimensions. Besides, it should be noted that the key idea in this paper, is to define two distribution functions, each of them obeying the lattice-Boltzmann equation, and accounting for the real and complex components of the wave function in the theory. Furthermore, the extension of our method to 3 dimensions is straightforward.
